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Using a three-body model, we study the dependence of spectroscopic factors for the overlap integrals
〈core + N |core + N + N〉 on the binding energy of the core + N subsystem, considering as prototypes
6He, 6Be, 9Li, 9C, 18O, and 18Ne. We show that at small N -core binding energies these spectroscopic factors
can be strongly influenced by the geometrical mismatch between the two-body N -core wave function that
stretches into the classically forbidden region and the spatially confined three-body function. This mismatch
comes from the strong two-body correlations between the nucleons outside the core and due to the core recoil
effects. The mismatch leads to symmetry breaking in mirror spectroscopic factors that in some cases can be
large enough to be observed in nucleon removal reactions. It is also responsible for deviations of the ratios of
mirror asymptotic normalization coefficients (ANCs) from the simple model-independent analytical estimates.
We discuss the influence of such mirror symmetry breaking on the prediction of direct stellar (p, γ ) reactions
from the measured mirror neutron ANCs.
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I. INTRODUCTION
It has been considered for a long time that mirror nuclear
states have very similar properties. In particular, it is widely
assumed that spectroscopic factors for mirror states are the
same. This assumption is often exploited for various purposes
including prediction of nuclear reactions in stars, such as
proton capture, that cannot be directly measured.
To predict the rates for nonresonant peripheral capture
reactions, the knowledge of spectroscopic factors alone is not
sufficient as their cross sections are determined by asymptotic
normalization coefficients (ANCs) [1]. It has been recently
shown that ANCs in mirror nuclear states can be related by
an approximate model-independent analytical expression that
involves only mirror nucleon separation energies, the nuclear
charge, and the radius of the interaction between the last
nucleon and residual nucleus [2]. This link gives possibility to
predict the (p, γ ) cross sections using mirror neutron ANCs
measured in peripheral neutron transfer reactions and it has
already been used in Refs. [3–5].
Recently, a study performed within the Gamow shell model
[6] has shown that coupling to the continuum leads to a specific
behavior of spectroscopic factors that, when plotted against
the one-nucleon separation energy, resembles the cusps seen
in scattering and reaction cross sections in the vicinity of
a reaction threshold. According to Ref. [6], spectroscopic
factors for one-nucleon overlaps involving near-threshold
states can significantly differ from shell-model predictions.
Consequently, the spectroscopic factors in mirror states, one
of which has strongly bound neutrons and the other loosely
bound protons, may not be equal anymore because, in the first
case, no significant deviations from the standard shell model
are expected, whereas in the second one such deviations may
occur.
The symmetry breaking in spectroscopic factors, that may
occur in mirror pairs involving threshold states, can lead to
deviations between the squared ratio of their ANCs, (Cp/Cn)2,
where Cp(Cn) is the proton (neutron) ANC, and the analytical
expression
R0 =
∣∣∣∣ Fl(iκpRN )κpRN jl(iκnRN )
∣∣∣∣
2
(1)
derived in Ref. [2] as an approximation for (Cp/Cn)2. In
this expression, κp(κn) is the wave number for removed
proton (neutron), Fl is the regular Coulomb function, jl is
the spherical Bessel function for the orbital momentum l and
RN = 1.3B1/3, where B is the mass of the remainder nucleus.
Equation (1) has been obtained in Ref. [2] assuming equality
of internal wave functions in mirror decay channels, which
normally occurs if mirror spectroscopic factors are equal.
Therefore, determinations of the stellar (p, γ ) cross sections
using Eq. (1) can be less accurate if mirror spectroscopic
factors differ significantly.
One class of nuclei where the symmetry-breaking effects
in mirror spectroscopic factors would be of particular interest
is the mirror pairs in which the proton rich partners have
one-proton decay threshold just under the two-proton decay
threshold, for example, as in 9C or in 18Ne. In such nuclei, the
nuclear structure is driven by explicit two-proton dynamics
and the core +p + p configuration becomes very important.
Previously, we have shown that near the core + N threshold
the overlap integral 〈core + N |core + N + N〉 can converge
to the correct asymptotic behavior slower than in normal nuclei
[7,8]. This can directly affect the interpretation of one-nucleon
removal reactions as well as predictions for (p, γ ) direct
capture on weakly bound nuclei. In particular, at astrophysical
energies, the (p, γ ) reactions occur at the region where a
true asymptotic behavior of overlap integrals is achieved
and their cross sections are determined by normal ANCs.
These ANCs are determined experimentally from transfer,
breakup or Coulomb dissociation reactions. Although such
reactions are often peripheral, they are also sensitive to the
near-surface part of the overlap integral that can be influenced
0556-2813/2008/78(5)/054322(10) 054322-1 ©2008 The American Physical Society
N. K. TIMOFEYUK AND I. J. THOMPSON PHYSICAL REVIEW C 78, 054322 (2008)
by preasymptotic abnormalities. If the latter are significant,
then what is extracted from such reactions may not correspond
to the true ANCs. In these cases, determining Cp from a mirror
neutron ANC can be very helpful because the mirror system
core + n + n is always more bound than the core + p + p and
possible threshold effects leading to nonstandard convergence
of the strongly bound neutron overlaps should be absent.
Examples are the stellar 8B(p, γ )9C and the 17F(p, γ )18Ne
reactions. The 9C and 18Ne ANCs can be determined using
ANCs for 8Li and 18O (in fact, the 9C ANC has been already
determined in this way in Ref. [3]). Therefore, it is important
to study the accuracy of the approximation (Cp/Cn)2 ≈ R0
and its correlations with possible symmetry breaking in mirror
spectroscopic factors for such systems.
In this article, we study mirror spectroscopic factors and
mirror ANCs within a three-body model where exact methods
to solve the Schro¨dinger equation exist. Three-body models
are widely used when describing dynamics of systems in
which three-body degrees of freedom are important, for
example, in breakup of Borromean nuclei, in two-proton
radioactivity, in treatment of the continuum effects within
the continuum-discretized coupled-channels approach, etc.
Although these models miss some other aspects of nuclear
structure, such as mixture of nonorthogonal configurations,
their contribution to explaining observables influenced by the
three-body dynamincs is very valuable. In Sec. II we briefly
present the three-body model and the interactions used. In
Sec. III, the asymptotic convergence of overlap integrals is
discussed. In Sec. IV, by artificially changing the strength
of the core-N interaction we study energy dependence and
threshold effects in the spectroscopic factors. Section V studies
the ratioR0 for mirror systems core +p + p and core + n + n
and the results obtained are discussed in Sec. VI.
II. THREE-BODY MODEL
We have chosen as prototypes the following mirror pairs:
(i) 6He-6Be. The energy behavior of the 6He spectroscopic
factor was studied in the Gamow shell model in Ref. [6].
We check whether the three-body model predicts the
same general trend in spectroscopic factors near the
5He threshold.
(ii) 9Li-9C. The 9C ANC determines the rate of the
8B(p, γ )9C reaction that is a part of the hot pp chain
in the explosive hydrogen burning. This ANC was
recently calculated in Ref. [3] using the approximation
(1) and the 9Li ANC, determined from analysis of the
8Li(d, p)9Li transfer reaction.
(iii) 18O-18Ne. These nuclei are traditionally considered as
classical shell-model nuclei with two valence nucleons
in the sd shell. However, three-body dynamics should
be important in 18Ne because its 16O + p subsystem
is weakly bound. We study two 0+, two 2+, and
one 4+ low-lying states for this mirror pair. The 2+
states, formed in the stellar reaction 17F(p, γ )18Ne,
are important for understanding the nucleosynthesis in
novae.
A. Model
We performed three-body calculations for 4He + n + n,
4He + p + p, 7Li + n + n, 7Be + p + p, 16O + n + n, and
16O + p + p systems assuming no internal structure for the
4He, 7Li, 7Be, and 16O cores but taking antisymmetrization
into account by eliminating forbidden core-N states with
the Pauli projection technique. The three-body Schro¨dinger
equation,
(Tnn + Tcore−nn + Vcore−n(|rc − rN1 |) + Vcore−n(|rc − rN2 |)
+Vnn(|rN1 − rN2 |) − E)3 = 0, (2)
has been solved by expanding the wave function 3 onto the
hyperspherical harmonics (HH) basis [9],
3 = ρ−5/2
∑
Klx lyLS
χLSTKlx ly (ρ)YKlx lyLST JM(5), (3)
where YKlx lyLST JM(5) are the hyperspherical harmonics
combined with spin and isospin wave function; ρ is the
hyperradius; 5 is a set of hyperangles; K is hypermoment;
lx(ly) is the orbital momentum of the core-N [(core +N ) − N ]
system; L, S, T , and J are the total orbital momentum, spin,
isospin, and total angular momentum, respectively; and M is
the projection of the total angular momentum. Usually, the
hyperradial part χKγ (ρ) is found by solving the coupled set of
differential equations{
− h¯
2
2m
[
d2
dρ2
− LK (LK + 1)
ρ2
]
− E
}
χKγ (ρ)
=
∑
K ′γ ′
VKγ,K ′γ ′(ρ)χK ′γ ′(ρ), (4)
where γ ≡ {lx lyLST },VKγ,K ′γ ′(ρ)≡〈YKγ (5)|V |YK ′γ ′(5)〉
is the hyperradial potential and LK = K + 3/2. However,
when bound eigenstates of the core-N potential are present
is forbidden partial waves, the Schro¨dinger equation should be
solved in a subspace of allowed states. Details of the techique
that deals with this problem are given in Ref. [10].
Ideally, the summation over K in expansion (3) should go
up to infinity. In reality, this sum has to be truncated up to some
Kmax. In the present article, the model space has been truncated
to Kmax = 50 in most cases but reduced to Kmax = 26
and Kmax = 24 for 18O(2+)-18Ne(2+) and 18O(4+)-18Ne(4+),
respectively.
B. Choice of potentials
For the test case of 6He-6Be, the Vnn potential was
represented by just one Gaussian that gives a scattering length
of −20 fm. For all other nuclei, the GPT potential [11], that
includes central, spin-orbit, and tensor interactions, was used
in l  2 partial waves.
For the Vcore−n interactions, we used the Woods-Saxon
potentials with the standard set of radius (r0 = 1.25 fm) and
diffuseness (a = 0.65 fm). The depths of the central potentials
for allowed states have been artificially varied to get different
separation energies in the core +N systems. The spin-orbit
potential for the 0d state in 18O-18Ne has a fixed depth of
5.5 MeV and the same r0 and a as the central potentials. No
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spin-orbit potential was used for 6He-6Be and 9Li-9C, to make
all components bound. The depth of the central Woods-Saxon
potential for forbidden 0s state was −70 MeV and −60 MeV
for 6He-6Be and 9Li-9C, respectively, and −56.55 MeV for
forbidden 0p states in 18O-18Ne. A spin-orbit potential with the
depth of 8.5 MeV has been included for the latter. Such a choice
provides correct single-particle energies of the forbidden states
(except for the 0s state in 18O-18Ne at the 17F binding energies
different from experimental ones). For 6Be, 9C, and 18Ne, the
Coulomb p-core and pp potentials have been also included.
III. OVERLAP INTEGRALS AND THEIR ASYMPTOTIC
CONVERGENCE
The overlap integral 〈core + N |core + N + N〉 is obtained
by overlapping the two-body and three-body wave functions,
I (r) = 〈ψ2|3〉, (5)
and the spectroscopic factor is determined then as
Slj =
∫ ∞
0
dr r2I 2lj (r), (6)
where Ilj (r) is the radial part of I (r). Asymptotically, this
overlap should behave as
Ilj (r) ≈ Clj W−η,l+1/2(2κr)
r
, r → ∞, (7)
where Clj is the ANC, W is the Whittaker function, κ =
(2µ	/h¯2)1/2, 	 is the difference in binding energy between
nuclei core +N + N and core +N,µ is the reduced mass
for the (core +N )+N system, η = Zcore+NZNe2µ/h¯2κ, Zi is
the charge of the nucleus i and j is the total relative angular
momentum between the core +N system and the removed
nucleon.
The question of whether the asymptotic behavior given by
(7) can be achieved by the HH expansion of the three-body
wave function deserves a special discussion. Formally, the HH
basis is complete on the hypersphere of fixed hyperradius. So
at any given value of ρ one can reproduce the wave function
with any precision by increasing the number of basis HHs [12].
Using the HH expansion from Ref. [9] it is easy to show that
the overlap Ilj (r) is represented by a sum of the following
integrals∫ ∞
0
dρcψ2(ρc)χLSTKlx ly
(√
ρ2c +
mc+1
mc+2
r2
)
fKlx ly (ρc, r), (8)
where ρc =
√
mc
mc+1
rcore−N, ρ2 = ρ2c + mc+1mc+2 r2,mi is the mass
number of the particle i and fKlx ly (ρc, r) is a geometrical
function that contains only some powers of ρc/ρ and r/ρ and
the Jacobi polynomials. At large r , all the physical information
about the overlap Ilj (r) comes from ρc’s that maximize the
product ψ2(ρc)χLSTKlx ly (
√
ρ2c + mc+1mc+2 r2). This occurs at rcore−N
that are within the range of the N -core interaction. Therefore,
the asymptotic hehavior for Ilj (r) is linked to the χLSTKlx ly
behavior at large ρ.
It is well-known that in the absence of the Coulomb
interactions the asymptotics of 3 for three separated particles
is exp(−kρ)/ρ5/2, where k is determined by the three-body
energy. This may give an impression that the asymptotics (7) in
the binary channel can never be reached in the HH expansion of
3. However, the hyperradial functions χLSTKlx ly (ρ) will achieve
such a behavior only at ρ for which |VKγ,K ′γ ′(ρ)| 	 |E| and
h¯2
2m
LK (LK+1)
ρ2
	 |E|. In general, such a value for ρ does not
exist. There are two reasons for this.
(i) At large ρ, two of three particles can still be next
to each other and strongly interact, which leads to slow
decrease of VKγ,K ′γ ′(ρ). Their dependence on ρ and K
can be easily understood for Gaussian potentials of the
range α, where the most important hyperradial potentials
are VKγ,K ′γ ′(ρ) ∼
√
(K+3/2)(K+3/2)
((K+K ′+3)/2) 1F1( 32 , K+K
′+3
2 ,− 2ρ
2
α2
). At
large ρ, VKγ,K ′γ ′(ρ) ∼ 1/ρ3. The strength of the diagonal
terms increases as K3/2 at a fixed large ρ and a similar increase
occurs for nondiagonal terms that link two neighboring K
and K ′. As the result, for any ρ one can find K where some
hyperradial potentials would be comparable toE. The situation
is even more complicated because the 1/ρ5, 1/ρ7 and other
terms in VKγ,K ′γ ′(ρ) grow with large K .
(ii) For any arbitrarily fixed ρ one can find K such that
h¯2
2m
LK (LK+1)
ρ2
= |E| so that the centrifugal barrier will dominate
over the three-body energy and the hyperradial functions
corresponding to larger K’s will not behave as exp(−kρ)/ρ5/2.
As the result, the χLSTKlx ly (ρ) behavior at large ρ will depend on
the interplay between (i) and (ii).
The present calculations have been performed for ρmax =
30 fm. The analysis of VKγ,K ′γ ′(ρ) for a few arbitrary chosen
cases has confirmed that at ρmax = 30 fm and Kmax = 50
the diagonal hyperradial potentials can be as large as 16%
of the three-body energy and the nondiagonal potentials can
comprise up to one third of it. Also, the centrifugal barriers
for large K are significantly larger than E. As the result, the
calculated functions χLSTKlx ly (ρ) do not expose the asymptotic
three-body behavior exp(−kρ)/ρ5/2 but are governed by the
three-body dynamics. It is this deviation from exp(−kρ)/
ρ5/2 that participate in formation of the binary channel. There-
fore, to calculate the overlap Ilj (r) at large r , a sufficiently large
number of χLSTKlx ly (ρ) should be taken into account to provide
the precision required for a given application. It can happen for
some physical cases that the computational power may expire
faster than such a precision is achieved. In this case, extended
HH expansion with the binary channel has been formulated in
Ref. [12], which allows to achieve the convergence for Ilj (r)
much faster. However, for the purposes of the present study,
we find that convergence of Ilj (r) obtained by a standard HH
expansion is sufficient to make the physical conclusions that
follow.
The typical convergence of the ratio Clj (r) of the overlap
integrals Ilj (r) to its asymptotic form given by Eq. (7) is shown
in Fig. 1 for the case of 〈5Li|6Be〉. The calculations presented
in this figure have been performed with the p-4He interaction
that binds 5Li by 35 keV. To get the converged result up to
r = 25 fm, we have to use Kmax = 50. The numerical accuracy
of the ANC for Kmax = 50 is this case is about 0.02%. In
other calculations using the same model space, the accuracy is
∼0.1% for 9Li and 9C, and ∼0.2% for 18O(0+) and 18Ne(0+).
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FIG. 1. (Color online) Ratio Clj (r) = Ilj (r)/(W−η,l+1/2(2κr)/r)
for the 〈5Li|6Be〉 overlap for different model spaces Kmax. The binding
energy of 5Li is 0.035 MeV.
However, in many physical applications such a precision is
not required so that Kmax could be reduced. This is useful for
the cases where the number of HH channels is too large. For
example, for 2+ and 4+ states in 18O and 18Ne, where Kmax
is only 26 and 24, the estimated uncertainty of the ANCs,
determined here as maximum value of Clj (r), is about 0.5%,
which is still accurate enough for physical applications. And,
finally, we have to note that the binding energies and the
spectroscopic factors converge much earlier, by Kmax = 20,
because these quantities do not depend very strongly on the
wave function behavior at large distances.
IV. ENERGY DEPENDENCE OF SPECTROSCOPIC
FACTORS
In this work, only the overlap integrals between the bound
states of three- and two-body states are considered, as the over-
laps involving continuum states deserve a separate publication.
The calculated spectroscopic factors for one-neutron overlaps
(no Coulomb interaction) are shown in Fig. 2 as function of
bound state energies in the core + n subsystem.
A. 6He
We artificially bind 5He in our study and neglect the spin-
orbit interaction to avoid the problem of the 5He( 12
−) spec-
troscopic factor in continuum for small separation energies in
5He( 32
−). Therefore, we show the sum of the spectroscopic
factors, S 3
2
+ S 1
2
. The strong near-threshold decrease of the
spectroscopic factor, similar to that obtained in Ref. [6] within
the Gamow shell model, is clearly seen in Fig. 2(a) (circles).
We have done several other calculations which demonstrate
that the origins of this decrease are the nn-correlations and the
4He-core recoil effect. When we set the 4He mass to a very
large number and assume Vnn = 0, then energy dependence
of the spectroscopic factor disappears [squares in Fig. 2(a)]
because such a case corresponds to a standard mean-field
calculation where the core + n + n wave function is just a
product of two single-particle wave functions and the total
energy is the sum of two single-particle energies. The energy
dependence and the threshold effect reappear when either the
original mass of 4He (triangles down) or the Vnn interaction
(triangles up) are restored.
The energy dependence of spectroscopic factor obtained in
exact calculations for infinitely heavy core can be reproduced
in a simple model in which the three-body wave function
3 is replaced by a Hartree-Fock type wave function HF =
A[ϕeff(r1)ϕeff(r2)], where ϕeff(r) is an effective single-particle
0p wave function belonging to a mean-field Hamiltonian that
accounts for increase of binding due to the strong NN corre-
lations. The single-particle Hartree-Fock energies are equal to
E(6He) − E(5He) thus providing a correct asymptotics for the
〈5He|6He〉 overlap. The spectroscopic factor of such a model
is equal to the square of the overlap between the radial parts
of ϕeff(r) and the two-body wave function ψ2(r) of 5He:
S ≈ Seff ≡
[∫ ∞
0
drr2ϕeff(r)ψ2(r)
]2
. (9)
We generate ϕeff(r) using the Woods-Saxon potentials with
same geometry that has been used to calculate ψ2(r) but
increase their depths to reproduce theE(6He) − E(5He) values
obtained in three-body calculations. The resulting effective
spectroscopic factor Seff , shown in Fig. 3, differs from the one
obtained in exact three-body calculations by no more than
2%. For finite mass core, it is more difficult to construct
a proper effective model that would account for the core
recoil correctly. Nevertheless, we have managed to explain the
energy dependence of the spectroscopic factor in this case by
assuming that the wave functions ϕeff(r) and ψ2(r) correspond
to different reduced masses, 5/6 and 4/5, respectively, and that
the potential well for ϕeff(r) has larger radius, r0 = 1.3 fm
and diffuseness, a = 0.75 fm. However, the resulting effective
spectroscopic factor should be reduced by a factor of 0.9. This
factor may appear due to the weight of HF in the exact wave
function 3.
B. 9Li
The 7Li core has nonzero spin, is deformed, and can be
easily excited to the nearest state 12
−
. For nonzero spin of
the core, the hyperspherical harmonics expansion contains
too many channels so that it becomes impossible to perform
converged calculations. Therefore, we have neglected the 7Li
spin and assumed that 7Li is spherical. As in the 6He case, we
neglect the n-7Li spin-orbit interaction to avoid the problem
of the 8Li spectroscopic factor in continuum for small n-7Li
binding energies. The resulting spectroscopic factor, defined
as a sum S 3
2
+ S 1
2
is shown in Fig. 2(b) by circles as a function
of bound state energy in 8Li. This spectroscopic factor is
larger than that of 6He because recoil effects are weaker;
however, it still exhibits near-threshold decrease as in the
6He case. Neglecting the 7Li spin and the core excitations
leads to overbound 9Li. To get the 9Li energy equal to the
experimental one, we have scaled the GPT potential by a
factor of 0.37. The spectroscopic factor corresponding to such
a reduced interaction is shown in Fig. 2(b) by squares. Again,
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FIG. 2. (Color online) Spectroscopic factors Slj (J πf ) of the core + n + n nuclei as functions of bound-state energies En in their core + n
subsystems with the spin-parity J πf (see text for more details).
the threshold decrease in spectroscopic factor is clearly seen.
As expected, the threshold effect is more pronounced when
the NN potential is stronger.
C. 18O
Unlike in two previous cases where only the (lx =
1, ly = 1) component gives significant contribution to the
total wave function, there are two major components in
18O(0+), (lx = 0, ly = 0) and (lx = 2, ly = 2). The splitting
between them is governed by the coupled-channels problem
(4). Because 3 is normalized to unity, any changes in
spectroscopic factors of these components with the core-
N binding energy are related. In particular, for the n-16O
potential that reproduces the experimental energy of 17O,
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FIG. 3. (Color online) Spectroscopic factor from three-body
calculations and its approximation Seff for infinitely large 4He core.
the d5/2 orbital is lower than s1/2. Two neutrons in 18O(0+1 )
prefer to occupy this orbital so that the spectroscopic factor
Sd 5
2
( 52
+), corresponding to the [17O( 52
+) ⊗ d 5
2
] configuration is
larger than Ss 1
2
( 12
+) corresponding to [17O( 12
+) ⊗ s 1
2
]. With
decrease of the n-16O potential, the gap between the
d5/2 and s1/2 decreases and inversion of the 17O( 52
+) and
17O( 12
+) levels occurs at |E(17O)| < 1.5 MeV. At this point, the
d5/2 orbital becomes no longer beneficial and the two nucleons
occupy the s1/2 orbital with larger probability. As the result,
the spectroscopic factor Ss 1
2
( 12
+) increases with decrease
of binding in 17O causing Sd 5
2
( 52
+) to decrease [see
circles in Fig. 2(c)]. However, this tendency lasts only until
very small values of E(17O) where the near-threshold mis-
match between the 17O and the effective neutron wave
functions begin to dominate, thus making Ss 1
2
( 12
+) to decrease
again. As for the first excited state 18O(0+2 ), the splitting
of spectroscopic strength between Ss 1
2
( 12
+) and Sd 5
2
( 52
+) is
different. This split, as well as the energy dependence, are
influences by the probability for two neutrons to occupy
the less favorable orbital. The dominant spectroscopic factor
Ss 1
2
( 12
+) decreases all the time toward the threshold (triangles
up), whereas the small spectroscopic factor Sd 5
2
( 52
+) increases
(triangles down). The coupled-channels effects in the latter are
stronger than the near-threshold mismatch between effective
single-particle wave function and the two-body 17O wave
function so that no decrease is seen at E(17O) → 0.
Similar situation occurs for excited 2+ states [see Figs. 2(d)
and 2(e)]. The coupling between the [17O( 52
+) ⊗ s 1
2
],
[17O( 52
+) ⊗ d 5
2
], and [17O( 12
+) ⊗ d 5
2
] configurations is very
sensitive to the strengths of the “mean-field” n-16O po-
tential. The interplay between the coupled-channels and
threshold effects is clearly seen only in Sd 5
2
( 12
+)
[open circles in Fig. 2(d)] when the residual nucleus
17O has an s-wave halo neutron. In all other cases, it is
difficult to separate these two effects. As for the 18O(4+)
state, the l = 4 coupling to the final 17O( 12
+) state is
negligible and, consequently, the spectroscopic factor Sd 5
2
( 52
+)
changes only within 2% over a large interval of the 17O
energies. A near-threshold decrease is clearly seen in Fig. 2(f)
for this spectroscopic factor.
D. Coulomb interaction
It has been suggested in Ref. [6] that threshold anomaly
in spectroscopic factors is also expected in proton-rich nuclei,
although it should be weaker than in neutron-rich systems.
However, no calculations confirming this suggestion have
been presented. We note that the Coulomb barrier prevents
the p-core wave function ψ2(r) to stretch too much toward
the classically forbidden region at very small binding energies
so that the mismatch between ψ2(r) and the effective single-
proton wave function ϕeff(r) should be much smaller. There-
fore, the threshold effects should be indeed less pronounced.
We demonstrate this in Fig. 4 for two selected cases, for
6Be, where all the spectroscopic strength is concentrated
in the p wave, and for the spectroscopic factor Ss 1
2
( 12
+)
in 18Ne(0+1 ), the mirror analog of which experiences strong
interference between the s1/2 + d5/2 channels coupling and the
near-threshold mismatch. The proton spectroscopic factors are
shown as functions of the 5Li and the 17F( 12
+) binding energies,
respectively. They are compared with neutron spectroscopic
factors that are plotted as functions of neutron separation
energies. The near-threshold decrease is clearly seen in
6Be, although to a smaller extent than in 6He. However,
the near-threshold decrease in 18Ne(0+1 ) disappears because
the increase due to coupling between the [17F( 52
+) ⊗ d 5
2
]
and [17F( 12
+) ⊗ s 1
2
] channels dominates. In fact, the
16O-p interaction that weakly binds 17F( 12
+), binds the the
d5/2 orbital stronger so that two protons in 18Ne(0+1 ) prefer
to occupy it rather than the s1/2 orbital. Therefore, the near-
threshold proton spectroscopic factor Ss 1
2
( 12
+) is significantly
−4 −3 −2 −1 0
N−core bound state energy (MeV)
0
0.2
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1
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6Be,  l = 1
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FIG. 4. (Color online) Neutron and proton spectroscopic fac-
tors for 6He, 6Be, 18O(0+1 ), and 18Ne(0+1 ) for different bound-state
energies of 5He, 5Li, 17O( 12
+), and 17F( 12
+). Spectroscopic factors,
corresponding to experimental energies of 17F( 12
+) and 17O( 12
+), are
shown by large open circles marked by dashed lines.
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smaller than the neutron one corresponding to the same binding
energy but to different 16O-n interaction. The spectroscopic
factors for mirror states 18Ne(0+1 ) and 18O(0+1 ) calculated at
the same 16O-n interaction, that gives the binding energies
17F( 12
+) and 17O( 12
+) close to the experimential values, are
shown in Fig. 4 by large circles marked by dashed lines. One
can clearly see that these spectroscopic factors are not equal.
V. ENERGY BEHAVIOR OF THER/R0 AND Sp/Sn RATIOS
We have calculated the ANCs Cp and Cn for the mirror
overlaps 〈core + p|core + p + p〉 and 〈core + n|core + n +
n〉, corresponding to the same core-N interaction, by using
Eq. (7). With the chosen core-N interactions the core +p
systems of interest remain bound. The Cp and Cn have
the same quantum numbers lj which are omitted below
for simplicity. We compared the squared ratio of these
ANCS,R ≡ (Cp/Cn)2, to the analytical estimateR0 given by
Eq. (1). The ratiosR/R0 are represented in Fig. 5 by squares as
the functions of the bound state energy of the core +p system.
These ratios are compared to the ratios Sp/Sn, where Sp(Sn)
is the proton (neutron) spectroscopic factor, in the same figure.
The aim of such a comparison is to check whether a modified
approximation,
R ≈ Sp
Sn
R0, (10)
is sufficiently accurate. Approximate equalityR/R0 ≈ Sp/Sn
within 1–3% means that effective local nuclear potential
between the last proton and the p + core system is the same
as the effective potential between the mirror neutron and the
n + core system [13,14].
A. 6He-6Be
For this mirror pair, the ratio R/R0, shown in Fig. 5(a), is
very close to unity for large 5Li binding energies but decreases
at E(5Li) → 0. Threshold effects reduce R against R0 by
about 7%. However, the ratio Sp/Sn followsR/R0 so that the
modified approximation given by Eq. (10) holds within 1–2%.
The ratio Sp/Sn can be approximated by the ratio of effective
spectroscopic factors Seff(6Be) and Seff(6He) with accuracy of
1%, which is shown by crosses in Fig. 5(a).
B. 9Li-9C
The energy behavior of R/R0 and Sp/Sn, calculated with
GPT, is very similar to that obtained for the 6He-6Be case [see
Fig. 5(b)], however, the threshold decrease of these quantities
is weaker. Equation (10) works very well for all the energies
too. With reduced GPT potential, the mismatch between
effective wave function ϕeff(r) in 9Li and the two-body 8Li
wave function is smaller, and, consequently, the threshold
effects in Sp/Sn are reduced and the symmetry breaking
between Sp and Sn is less important. However, in 9C, reduced
strength of the NN potential makes the contributions from
the Coulomb pp force more important. This influences the
9C ANC and leads to stronger deviations between R and
R0. However, this deviation does not exceed 7%. This means
that the 9C ANC obtained in Ref. [4] using the 9Li ANC
can be reduced due to the threshold effects by no more
than 7%.
C. 18O-18Ne
As in two previous cases, the ratios R/R0 and Sp/Sn
are, in general, close to unity when the binding energy of
17F is large and they deviate from unity toward the proton
decay threshold in 17F [see Figs. 4(c)–4(g)]. However, due
to different coupled-channels effects in the l = 0 and l = 2
configurations, the energy behavior of R/R0 and Sp/Sn
becomes more complicated. In 0+1,2 states, the difference
between Sp and Sn in large components does not exceed
5%; however, it can reach up to 25% in the components
with small spectroscopic factors. The ratio R deviates from
R0 by 10% and 45% for the ground and the first excited 0+
states, respectively. The deviation between R/R0 and Sp/Sn
ranges from 5–7% in large components to 15–20% in small
components. This means that the p-17F and the n-17O effective
potential wells are different, especially in small components. In
2+1,2 states, the largest spectroscopic factor, Sd 5
2
( 52
+),
is only about factor of 2 larger than the other two,
Sd 5
2
( 12
+) and Ss 1
2
( 52
+), and the difference between mirror
spectroscopic factors ranges from 10 to 18%. The R/R0
correlates well with Sp/Sn for the [ 52
+ ⊗ d 5
2
] configuration,
whereas deviations between R/R0 and Sp/Sn can reach up
to 12% for two other configurations. In the 4+ state, R/R0
and Sp/Sn are close to unity for the main configuration
[ 52
+ ⊗ d 5
2
] but in small configuration [ 52
+ ⊗ d 3
2
] the symmetry
breaking in spectroscopic factors is about 15%. However, the
approximation R/R0 ≈ Sp/Sn works reasonably well in this
case.
VI. DISCUSSION AND CONCLUSIONS
The present study of the spectroscopic factors in three-
body systems core +N + N has revealed that at small
binding energies of the two-body subsystems core +N , where
the correlations between the two nucleons outside the core
become very important, these spectroscopic factors exhibit a
specific behavior first discovered by the Gamow shell-model
calculations in Ref. [6]. Such a behavior can be the most
clearly seen when the Coulomb interactions and the coupling
between the channels with different orbital momentum are
absent. In these cases, for example in 6He and 9Li, the spec-
troscopic factors strongly decrease toward the neutron decay
threshold.
The origin of such a decrease is the strong NN interaction
that binds the three-body system with an energy significantly
exceeding twice the energy of the core +N subsystem. As the
result, the three-body wave function 3 is concentrated in a
spatially confined area, whereas the two-body wave function
ψ2 stretches out of this area into the classically forbidden
region. The internal norm ofψ2 dramatically decreases at small
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FIG. 5. (Color online) RatiosR/R0 (squares) and Sp/Sn (circles) for different bound-state energies Ep in the core +p subsystem, calculated
for various mirror three-body nuclei. For the 0+ and 2+ states in 18Ne-18O, Ep corresponds either to 17F( 52
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core +N binding energies and so does the overlap between 3
and ψ2, the norm of which is the spectroscopic factor. This ef-
fect is the best seen for the s-wave halo core + n systems where
Ss 1
2
→ 0 at Ecore−n → 0. If the centrifugal or/and the Coulomb
barriers are present in the N -core interaction, then internal
norm of ψ2 decreases with binding energy more slowly so
that the near-threshold spectroscopic factor’s decrease is less
pronounced. The energy dependence of these spectroscopic
factors can be successfully modeled by overlapping ψ2 with a
Hartree-Fock type wave function HF that can be considered
as an approximation to 3. HF is an antisymmetrized product
of two effective single-particle wave functions ϕeff that belong
to a mean-field Hamiltonian that differs from the original
n-core Hamiltonian. This effective Hamiltonian accounts for
the increase of binding due to the strong NN correlations and
provides correct asymptotic forms for the 〈core + N |core +
N + N〉 overlap. The resulting effective spectroscopic factor
is a measure of the mismatch between ϕeff and ψ2.1 It may need
a further small energy-independent reduction (10% for the 6He
case) but with increasing mass of the core this reduction is
expected to become insignificant. It is interesting to note here
that the core recoil is another factor that significantly influences
the energy behavior of spectroscopic factors. It can cause
the near-threshold decrease even in the absence of any NN
interaction.
The energy behavior of spectroscopic factors becomes more
complicated when the spectroscopic strength is split between
the channels with different orbital momentum. The coupling
between channels may cause an increase of spectroscopic
factors toward the threshold, in which cases the near-threshold
decrease can be visible only for s-wave core + n systems. For
other cases, the near-threshold decrease either does not happen
or cannot be distinguished from coupled-channels effects.
The simultaneous consideration of mirror systems has
confirmed the possibility of symmetry breaking in mirror
spectroscopic factors, which becomes more important at low
p-core binding energies. It arises because at low p-core bind-
ing energies the proton spectroscopic factors are influenced
by the threshold effects, whereas in the mirror system the
n-core energy is always larger, so that the mirror neutron
spectroscopic factor is not influenced by the near-threshold
effects in the same extent. For realistic N -core energies, the
actual mirror symmetry breaking can be as small as 2–5%
in large components but it can reach unusually large values,
up to 25%, which occurs in small component [ 12
+ ⊗ s 1
2
] of
the 0+1 states in 18O-18Ne. This is a large effect that can
be experimentally measurable, for example, using knockout
reaction from 18O and 18Ne.
The symmetry breaking in mirror spectroscopic factors
leads to deviation of the ratio of mirror ANCs from the
prediction of the simple analytical formula (1). When coupling
1The idea of geometrical mismatch between single-particle wave
functions in initial and final states studied via knockout reactions
were first used by A. Navin et al. in Phys. Rev. Lett. 85, 266 (2000)
when deriving the spectroscopic factor of 12Be. The mismatch factor
is also discussed by P. G. Hansen and J. A. Tostevin in Annu. Rev.
Nucl. Part. Sci. 53, 219 (2003).
between channels with different orbital momentum is absent,
the R/R0 follows Sp/Sn so that the modified formula (10)
can be used to predict proton ANCs and the corresponding
stellar (p, γ ) cross sections from the measured mirror neutron
ANC. For this purpose, the ratio Sp/Sn can be estimated
in the three-body model, or modeled by a ratio of effective
spectroscopic factors to take the mismatch between ψ2 and
ψeff into account.
The deviations between R/R0 and Sp/Sn can become
significant if several channels with different orbital momentum
are important in the three-body wave function 3. This can
create problems for predictions of the (p, γ ) cross sections
from mirror neutron ANCs. Such problems are particularly
expected when only one channel contributes to the (p, γ )
cross sections. However, if several channels equally contribute
to the (p, γ ) cross section and if R/R0 averaged over these
channels is approximately equal to 1, then inaccuracies of
the (p, γ ) predictions in individual channels can cancel out.
In the present study, the strongest deviation between R/R0
and Sp/Sn is obtained for the small component [ 52
+ ⊗ d 5
2
] in
the 0+2 state in 18O-18Ne,R/R0 = 1.45 and R/R0 · Sn/Sp =
1.16. Fortunately, the 0+2 level is not populated in novae
nucleosynthesis; however, the population of the 2+1,2 states
in 18Ne is important. For the [( 12
+) ⊗ d 5
2
] component of
these states the modified formula (10) is accurate within
the 3–5%; however, predictions for the population of the
[ 52
+ ⊗ s 1
2
] components can be inaccurate up to 10–12%. For
4+ state, the assumptions of mirror symmetry can be safely
used.
Finally, all the conclusions of the present study are based
on the restricted three-body core + 2N model, which is,
in general, incomplete for complex nuclei. Although the
limits of applicability of three-body models are not com-
pletely understood, they are actively used in many physical
applications. Based on the present study, we propose a new
tool that may allow us to “measure” the applicability of
the three-body models to realistic nuclei. We predict a new
phenomenon that arises entirely due to dynamical three-body
effects. This phenomenon, the symmetry breaking in mirror
spectroscopic factors and ANCs, in some cases is sufficiently
strong to be observable. In particular, the 45% difference
between the ratio of mirror ANCs in 18O(0+2 )-18Ne(0+2 ) and the
analytical prediction R0 can be searched for in the
17O(d, p)18O(0+2 ) and 17F(d, n)18Ne(0+2 ) reactions. Experi-
mental confirmation or rejection of this phenomenon will
contribute to our knowlegde about proper choice of theoretical
models relevant to realistic nuclear systems and, therefore, is
a timely and extremely important task.
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